In order to achieve dimension reduction for the nonparametric functional coefficients and improve the estimation efficiency, in this paper we introduce a novel semiparametric estimation procedure which combines a principal component analysis of the functional coefficients and a Cholesky decomposition of the within-subject covariance matrices. Under some regularity conditions, we derive the asymptotic distribution for the proposed semiparametric estimators and show that the efficiency of the estimation of the (principal) functional coefficients can be improved when the within-subject covariance structure is correctly specified. Furthermore, we apply two approaches to consistently estimate the Cholesky decomposition, which avoid a possible misspecification of the within-subject covariance structure and ensure the efficiency improvement for the estimation of the (principal) functional coefficients. Some numerical studies including Monte Carlo experiments and an empirical application show that the developed semiparametric method works reasonably well in finite samples.
aim to address this challenge through the principal components of the functional coefficients. This approach is partly motivated by a recent paper by Jiang et al (2013) To address this problem, we first use, as in Yao and Li (2013) , a Cholesky decomposition on the within-subject covariance matrices Σ i , and then propose a semiparametric estimation method to estimate θ 0 , Θ 0 and γ 0 (·). Under some regularity conditions, we establish the asymptotic distribution theory for the proposed semiparametric estimators. In particular, we show that the combination of a principal component analysis of the functional coefficients and a Cholesky decomposition of the within-subject covariance matrices could improve the efficiency of the estimation of the principal functional coefficients and thus the model functional coefficients when the within-subject covariance structure is correctly specified up to a constant multiple. However, the true within-subject covariance structure is usually unknown in practice and misspecification of the covariance matrix could lead to loss of estimation efficiency. Hence we further introduce two different approaches to consistently estimate the parameters in the Cholesky decomposition for cases of balanced and unbalanced longitudinal data, respectively. By using these consistent estimation methods, we can avoid a possible misspecification of the within-subject covariance structure and thus ensure the efficiency improvement for the estimation of γ 0 (·) and β 0 (·). We also provide some numerical studies in Section 5, which show that the developed semiparametric approach works 3 reasonably well in finite samples.
The rest of the paper is organised as follows. In Section 2, we introduce an identification condition and the semiparametric estimation procedure for model (1.1) . In Section 3, we give the asymptotic theorems for the proposed estimators. In Section 4, we consider the estimation of the autoregressive coefficients in the Cholesky decomposition. In Section 5, we conduct some numerical studies to illustrate the finite sample performance of the proposed methods. Section 6 concludes the paper. The technical assumptions and proofs of the asymptotic theorems are given in the appendix.
Model identification and estimation
In this section, we first give some identification conditions to ensure that Θ 0 and γ 0 (·) are uniquely determined, followed by a semiparametric estimation procedure which ignores the within-subject correlation, then introduce a Cholesky decomposition to analyse the within-subject covariance structure, and finally propose a semiparametric method to estimate the unknown components which accounts for the within-subject correlation. To focus on the idea behind the semiparametric method, we assume in this section that the number of the principal functional coefficients (d 0 ) is known. We will discuss a method to estimate d 0 in Section 5.
Model identification
It is easy to see that, after reparameterization and rotation to γ 0 (.) in ( 
Semiparametric estimation procedure which ignores the within-subject correlation
We next introduce a semiparametric profile least squares method that does not account for the within-subject correlation in longitudinal data to estimate θ 0 , Θ 0 and the principal functional For given θ and Θ, we estimate the principal functional coefficients at a given point u by using the local linear smoothing method (Fan and Gijbels, 1996) . Define the kernel-weighted loss function
where a(u) = a 1 (u), . . . ,
is a kernel function and
which minimises the loss function defined in (2.3). Then, the local linear estimate of the principal functional coefficients for given θ and Θ can be obtained by
where N (n) = n i=1 m i , we can estimate θ 0 and Θ 0 through minimising the loss function 5) and the resulting estimates are denoted as θ and Θ, respectively. Then we obtain a local linear estimate of the principal functional coefficients γ 0 (u) by
Subsequently, an estimate for the model functional coefficients is
The above semiparametric profile least squares estimation method can be seen as a generalisation of Jiang et al (2013) to the setting of longitudinal data. However, this estimation method for 5 the model functional coefficients β(u) does not consider possible within-subject correlation structure in the longitudinal data, which may lead to an efficiency loss. To address this problem, we will modify the semiparametric estimation method in Section 2.4 below by using the Cholesky decomposition of the within-subject covariance matrices.
Cholesky decomposition
The Cholesky decomposition has been widely used in the literature to analyse the withinsubject covariance matrices, see, for example, Pourahmadi (1999) For each within-subject covariance matrix Σ i , by the Cholesky decomposition, there exists a lower triangular matrix C i with diagonal elements being one such that
where ρ ij > 0 for i = 1, . . . , n and j = 1, . . . , m i . Let η i = (η i1 , . . . , η im i ) τ = C i ε i and c i,jk be the (j, k)-th entry of the minus of C i , i.e., −C i . For each i = 1, . . . , n, it is easy to see that ε i1 = η i1 and
Throughout this paper, we call c i,jk the autoregressive coefficients in the Cholesky decomposition, as (2.9) can be seen as an autoregressive model. Using (2.2) and (2.9), we can re-write model (1.1)
and
for i = 1, . . . , n. By (2.8), the transformed errors η ij in (2.10) and (2.11) are independent over both i and j and have variance Var(η ij ) = ρ ij . However, in (2.11) both the parameter matrices C i and the random error vectors ε i are unobserved. Hence, in practical applications, we need to replace them by their estimated values.
As suggested in Fan et al (2007) and Yao and Li (2013) , we may replace Σ i by a working covariance matrix Σ i . Such a replacement in the estimation procedure would not affect the consistency 6 of the resulting estimator even if Σ i = Σ i . Then, we apply the Cholesky decomposition to the working covariance matrix Σ i and find a lower triangular matrix C i with main diagonal elements being one and positive constants ρ i1 , . . . , ρ im i such that
, where β(·) is a local linear estimation of β 0 (·) by using a kernel function K(·) and a bandwidth b. Denote 13) where c i,jk is the (j, k) component of −C i . Therefore, we can further approximate (2.10) and (2.11)
14)
The estimation methods introduced in Section 2.4 are then applied to the model approximation (2.14). Furthermore, Theorem 3.2 in Section 3 will show that the efficiency improvement of the developed nonparametric estimation in (2.15) and (2.16) below relies on a correct specification of the lower triangular matrix C i . To avoid the misspecification of C i , we will discuss in Section 4 how to consistently estimate the elements in C i for both balanced and unbalanced longitudinal data.
Semiparametric estimation procedure which accounts for the within-subject correlation
To improve the efficiency in the estimation of the principal functional coefficients and the model functional coefficients proposed in Section 2.2, we next make use of the Cholesky decomposition on the working covariance matrices Σ i and the subsequent transformation in (2.13). Note that after the transformation the error terms η ij in (2.14) are independent across both i and j and have variances Var(η ij ) = ρ ij . Hence, for given root-n consistent estimates θ and Θ of θ 0 and Θ 0 , define the loss function 15) where
be the solution to the minimisation of L n a(u), b(u) in (2.15). Then, a modified local linear estimate of the principal functional coefficients is obtained by 16) and a subsequent estimate of the functional coefficients is given by
Proposition 3.1 indicates that θ and Θ constructed in Section 2.2 are consistent with a root-n convergence rate. Hence, we may choose θ = θ and Θ = Θ in the above estimation procedure.
Although the parametric estimators θ and Θ ignore the possible within-subject correlation in the longitudinal data, it would not affect the asymptotic efficiency of the functional coefficients estimation β(·) as the convergence rates for the parameter estimators are much faster than the point-wise convergence rates of the nonparametric estimators, see, for example, the asymptotic theorems in Section 3. The semiparametric estimation procedure proposed in this section and that in Section 2.2 provide a feasible approach to estimating the parameters and the principal coefficient
functions. An appropriate choice of the initial estimates of θ 0 and Θ 0 may help save computational time and improve estimation accuracy in finite samples. Section 5.1 below will discuss how to obtain a consistent initial semiparametric estimation.
Asymptotic theorems
In this section, we establish the asymptotic properties for the semiparametric estimators defined in Section 2. Define
where 
We assume that there exists a matrix W 1 such that lim
We next give the asymptotic distribution theory for the parameter estimators θ and Θ and the nonparametric estimator γ(·) defined in Section 2.1 which ignores the within-subject correlation. 
Then we have
where
is the density function of U ij .
Remark 3.1. As the number of the observations for each subject, m i , is assumed to be fixed, the above proposition shows that the estimation of the parameters θ 0 and Θ 0 has the well known root-n convergence rate, and the nonparametric estimation of γ 0 (·) has a point-wise convergence rate of O P (h 2 + 1/ √ nh). This result can be seen as an extension of Theorems 2 and 3 in Jiang et al (2013) to the longitudinal data setting. If we further assume that ε ij is independent and identically distributed over both i and j with σ 2 = Var[ε 2 ij ], then the asymptotic variance in (3.1) can be simplified to σ 2 W + . By (2.7), (3.1) and (3.2), we can show that, through using the principal component structure on functional coefficients, the asymptotic variance of the nonparametric
In contrast, the direct local linear estimation of the functional coefficients with the same kernel function and bandwidth has the asymptotic variance of
Following the argument in Jiang et al (2013), the estimation β(u) would be asymptotically more efficient when
We next give the asymptotic theory for the local linear estimation of the principal functional coefficients which accounts for the within-subject correlation by utilising the Cholesky decomposition on the within-subject covariance matrices. Define e ij = η ij + j−1 k=1 (c i,jk − c i,jk )ε ik . Suppose that there exist two positive constants: c τ and c ρ , such that
where τ ij = E e 2 ij . Note that for each i and j, η ij and {ε i1 , . . . , ε i,j−1 } are independent. Hence,
It is easy to find that
The asymptotic distribution theory for γ(·) is given in the following theorem. 
where ω (u) is defined in (3.4). We next compare the asymptotic variances between the two local linear estimators of the principal functional coefficients γ(u) and γ(u) in the case where the within-subject covariance is correctly specified up to a constant multiple, i.e.,
Assume that there exists a positive constant c ρ such that
By using the harmonic mean value inequality, we have
and the equality holds only when all the ρ ij are the same. Furthermore, by the Cholesky decomposition, we have
By (3.7), (3.8), Proposition 3.1 and Theorem 3.2, we immediately obtain the following asymptotic result.
Corollary 3.3. Suppose that the conditions in Proposition 3.1 and Theorem 3.2 and (3.6) are satisfied, and Σ i = c 0 Σ i with 0 < c 0 < ∞. The local linear estimator γ(u) which accounts for the within-subject correlation is asymptotically more efficient than γ(u) which ignores the within-subject correlation.
Remark 3.3. By (2.7), (2.17) and Corollary 3.3, we can show that the asymptotic variance of the local linear estimation of the model functional coefficients β(u) minus that of β(u) is non-negative definite, and thus β(u) is asymptotically more efficient than β(u). Furthermore, noting that the asymptotic bias terms for γ(u) and γ(u) are the same, the mean squared errors of γ(u) (or β(u))
are asymptotically smaller than those of γ(u) (or β(u)). This will be justified in our simulation study for the finite sample case.
Estimation of the Cholesky decomposition
The asymptotic theorems in Section 3 show that whether the efficiency for the local linear estimation of the (principal) functional coefficients can be improved relies on a correct specification of the within-subject covariance matrix Σ i and the lower triangular matrix C i in the Cholesky decomposition. However, in practical applications, the true within-subject covariance matrix is usually unknown. We may construct a working covariance matrix by using a semiparametric method as in Fan et al (2007) which relies on a parametric specification of the within-subject correlation matrix.
In this section, we will introduce two different estimation methods. In the case of balanced longitudinal data, we will consider estimating C i directly together with other parameters θ 0 and Θ 0 via a profile least squares method. In the case of unbalanced longitudinal data, we first use a local linear method to estimate the within-subject covariance function and variance function consistently and then obtain the estimate of the autoregressive coefficients via (2.8) or (2.12).
The case of balanced longitudinal data
As in Yao and Li (2013), we consider in this section the case of m i ≡ m which falls into the setting of balanced longitudinal data. We further assume that ε i ≡ (ε i1 , . . . , ε im ) τ are independent and identically distributed over i and are independent of the covariates, which indicates that the withinsubject covariance matrix Σ i is independent of i, i.e., Σ i = Σ. Then, the Cholesky decomposition of Σ gives
where C is a lower triangular matrix with diagonal elements being one. Similar to the notation used in Section 2.3, we let c jk,0 be the (j, k)-th entry of the matrix −C and η i = Cε i and replace ε ik by ε ik in the following estimation procedure, where
2.3. Then, for i = 1, . . . , n and j = 2, . . . , m, the approximating model (2.14) becomes 
where h * is a bandwidth. The resulting estimator of the principal functional coefficients is denoted by γ(u|θ, Θ, C). As in Section 2.2, we let γ(u|θ, Θ, C) be the sample centralisation of the principal functional-coefficient estimates γ(u|θ, Θ, C) and let γ k (·|θ, Θ, C) be the k-th element of γ(u|θ, Θ, C). We estimate θ 0 , Θ 0 and C 0 by minimising the following loss function: be a minimiser of (4.3), i.e.,
The above estimation method can be seen as a generalisation of the profile likelihood method proposed by Yao and Li (2013) from univariate nonparametric longitudinal data models to principal functional coefficients longitudinal data models. Furthermore, we may add weights (chosen as the inverse of consistent estimators of ρ 2 , · · · , ρ m ) in the loss functions L * n (·, ·|θ, Θ, C) and Q * n (·, ·, ·). This would not affect the consistency and convergence rates of the parameter estimators but may potentially make their asymptotic variances smaller. We next give the convergence rates for the estimators θ, Θ and C. Proposition 4.1. Suppose that Assumptions 1(i) and 2-4 in Appendix A are satisfied and Assumption 1(ii) holds when h is replaced by h * . Furthermore, assume m i ≡ m and ε i are independent and identically distributed over i, and are independent of the covariates. Then we have
With the estimates of c ij,0 obtained from above, we may transform Y ij into Y ij via (2.13). The variance of η ij , ρ j , can be estimated by using the estimated residuals ε ij and applying the Cholesky decomposition on the covariance matrix of 
where ω 1 (u) is defined in (3.4). 
The case of unbalanced longitudinal data
The profile least squares estimation method discussed in Section 4.1 strongly relies on the balanced structure of the longitudinal data and cannot be directly extended to a more general setting of unbalanced longitudinal data, which is commonly encountered in practical applications.
Hence, we next introduce a different approach to estimate the autoregressive coefficients in the Cholesky decomposition. Motivated by Jiang and Wang (2011) and Li (2011), we assume that the observations on the i-th subject are taken at time points t i1 , · · · , t im i , which fall in a bounded time
that the (j, k)-element of the within-subject covariance matrix Σ i is defined by It is easy to see that in order to estimate Σ i consistently, we only need to estimate σ(·, ·)
consistently. As in Section 4.1, we use the estimated residuals ε ij = ε i (t ij ) = Y ij − X τ ij β(U ij ) with β(·) being the initial local linear estimator of the model functional coefficients. Because of the existence of the nugget effect, we consider the two cases: σ(s, t) with s = t, and σ 2 0 (t) = σ(t, t), separately. The estimation procedure is based on the local linear smoothing. When s = t, we estimate σ(s, t) by σ(s, t) = σ 10 , where ( σ 10 , σ 11 , σ 12 ) is the minimiser to
with respect to σ 10 , σ 11 and σ 12 , where K(·) is a kernel function and b 1 and b 2 are two bandwidths.
When s = t, we estimate σ 2 0 (t) by σ 2 (t) = σ 20 , where ( σ 20 , σ 21 ) is the minimiser to
with respect to σ 20 and σ 21 , where b 3 is a bandwidth. Proposition 1 in Li (2011) shows that both σ(s, t) and σ 2 (t) defined above are uniformly consistent over s, t ∈ T . Then, we readily construct
where I(·) is an indicator function. After applying the Cholesky decomposition on Σ i , we can obtain the consistent estimates of the autoregressive coefficients.
To ensure that Σ i is positive semi-definite in the finite sample studies, we need to make some modification on σ(s, t) and σ 2 (t). As in Hall et al (2008), we let λ k and φ k (·) be the eigenvalues and eigenfunctions of σ(·, ·) and re-define the estimate of σ(s, t) by
On the other hand, to ensure the non-negativity of σ 2 (·), we may re-define it through a truncation, i.e., σ 2 * (t) = σ 2 (t)I( σ 2 (t) > τ n ), where τ n is a pre-determined truncation parameter which is positive and could be very close to zero. The numerical studies in Section 5 below show that this nonparametric estimation method for the covariance matrix works reasonably well in finite samples.
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In this section, we give both simulated and empirical examples to examine the finite sample performance of the developed methods. We start with an approach to obtaining some initial parameter estimates for the iterative estimation procedure in Sections 2.2 and 2.4 and a discussion of determining the value of d 0 .
Choice of the initial estimation and determination of d 0
In order to save the computational time of the iterative semiparametric estimation procedure introduced in Section 2, we next discuss the choice of a consistent initial estimation for the parameters. As in the previous sections, we let β(·) be the local linear estimate of the functional coefficients β 0 (·) with the kernel function K(·) and the bandwidth b. Given the assumption that
, an initial estimate of θ 0 can be chosen as
To construct an initial estimate for Θ 0 , we define the d × d covariance matrix: 
where λ k is the k-th largest eigenvalue of Σ β , λ d+1 = 0, and 0/0 ≡ 1. In order to reduce estimation error, we set λ k = 0 if | λ k | < 0 , where 0 is a pre-specified small number. The simulation studies below show that this ratio method works well when using an 0 value of 0.05.
Simulation study
In this section, we compare the performance of three estimation methods for the varying coefficient functions β 0 (u) in the following principal functional coefficient longitudinal data model:
the index variables U ij are independently drawn from the uniform distribution in [0, 1], X ij =
(1, X * ij ) τ with X * ij independently drawn from a 6-dimensional Gaussian distribution with mean 0 and covariance matrix I 6 and ε ij will be specified later. The simulation setting is similar to Given the identification condition θ 0 = E[β 0 (U ij )], we use the sample mean of the FCM estimates β(·) defined in (5.1), as the initial estimate of θ 0 in the PFCM and PFCM+CD estimation methods. Based on β(U ij ), we also perform an eigenanalysis on their sample covariance matrix to determine d 0 and construct the initial estimate of Θ 0 for PFCM and PFCM+CD as described in Section 5.1. We compare the estimation errors of the three methods in estimating the functional coefficients β(u). The estimation error for an estimator is measured as the mean absolute deviation:
where β * k (·) is the estimate of β k (·) by using one of the three estimation methods described above. We consider the following two cases in the simulation study.
Case I. Consider a data generating process for balanced longitudinal data with m i ≡ 4 and ε ij are Gaussian error terms that are independent over subjects i and have an AR (1) within-subject covariance structure with coefficient ι, i.e, cov(ε ij , ε ik ) = ι |j−k| for 1 ≤ i ≤ n, 1 ≤ j, k ≤ m, and the three methods under different levels of within-subject correlation, we set ι = 0.1, 0.5, 0.9. The number of subject is chosen to be n = 50, 100, 200.
In order to obtain an initial estimate of the autoregressive coefficients in the Cholesky decomposition, we first obtain the residuals of the FCM, ε ij = Y ij − X τ ij β(U ij ), and then estimate the within-subject covariance matrix of ε i = ( ε i1 , · · · , ε i4 ) τ and obtain the initial estimates of the autoregressive coefficients through implementing the Choleskey decomposition on the estimated within-subject covariance matrix. With these initial estimates of the autoregressive coefficients in the Cholesky decomposition as well as the initial estimates of θ 0 and Θ 0 , we use the estimation procedure in Section 4.1 to obtain the root-n consistent parametric estimates. Table 5 .1 summaries the estimation errors of the three methods and their standard deviations (in parentheses) over 1000 realisations of the setting (5.4) for different combinations of n and ι.
From Table 5 .1, we find that the performance of FCM estimation is alway the worst as it ignores both the principal component structure of the functional coefficients and the within-subject correlation of the model errors. This shows that we need to take the principal component structure into account when estimating the functional coefficients, as in PFCM and PFCM+CD estimations.
When ι = 0.1, the estimation errors of PFCM and PFCM+CD estimations are close, which is not surprising because within-subject correlation is weak. However, as ι becomes larger (ι = 0.5 and 0.9), the PFCM+CD estimation outperforms the PFCM estimation even when the number of the subjects is as small as 50, which supports the asymptotic theorems in Section 3. Table 5 .2 from which we have the similar finding to that in Case I.
The number of principal functional coefficients d 0 is estimated using the simple ratio method introduced in (5.3). In order to evaluate the performance of this method, we report, in Tables 5.3 and 5.4, the percentages of simulation replications in which d 0 is correctly estimated. The results in these two tables show, for both balanced and unbalanced longitudinal data, that when the number of observations N (n) is about 200, the percentage of replications in which d 0 is correctly estimated is around 70%. This percentage rises to around 98% when N (n) increases to around 400 and further to 100% when N (n) increases to around 800. 5) where Y it is the GDP per capita growth in country i for time period t, U it is the log of GDP per capita at the beginning of the t-th 5-year period, FDI it is the foreign direct investment in percentage of GDP, SCH it is the average years of schooling, POP it is the population growth rate, and DI it is the domestic investment in percentage of GDP, wherein the domestic investment is measured by gross fixed capital formation. All variables involved are normalised to have zero mean and unit variance.
By employing local linear smoothing to model (5.5), we obtain the estimates of the four varying coefficients, which are plotted in Figure 5 .1. From Figure 5 .1, we can observe some common pattern in the four curves, especially on the right half. Hence, we may assume that the variation in the
τ is generated by the principal
where 1 ≤ d 0 ≤ 4. By the ratio method introduced in (5.3), the integer d 0 is estimated as d 0 = 1.
By using the proposed semiparametric estimation method in combination with the Cholesky decomposition for balanced data to take into account of the within-subject correlation, we obtain the estimate of the principal coefficient function, which is depicted in Figure 5 .2. The estimates of θ and Θ and their standard errors (in parentheses) are summarised in Table 5 
Conclusion
This paper introduces a novel functional-coefficient modelling approach for analysing longitudinal data. By imposing a principal component structure on the functional coefficients, the dimension reduction on the nonparametric components can be achieved. Both the parameters and principal functional coefficients in the model are estimated through an iterative semiparametric estimation procedure. To account for the within-subject correlation in longitudinal data, we apply the Cholesky decomposition to the within-subject covariance matrix and further propose an asymptotically more efficient nonparametric estimation for the (principal) functional coefficients. Under some regularity conditions, we establish the asymptotic distribution theory for the proposed parametric and nonparametric estimation. To ensure the efficiency improvement, the within-subject covariance in longitudinal data needs to be correctly specified up to a constant multiple. Therefore we also propose two approaches to consistently estimate the Cholesky decomposition on the within-subject covariance matrix for balanced and unbalanced longitudinal data respectively. Some simulation studies as well an empirical application on estimating the GDP per capita growth show that the developed semiparametric model and estimation methodology work reasonably well in finite samples.
Appendix A: Assumptions over i. Furthermore, U ij and X ij are identically distributed over both i and j, and
(ii) The index variable U ij has a continuous density function f (u) and a compact support U.
Furthermore, f (·) is positive and bounded away from zero on U. The joint density function of (U ij , U ik ), f jk (·, ·), exists and is continuous for j = k.
(iii) There exists a positive number ζ > 2 such that
when Θ is in a small neighbourhood of Θ 0 , the matrix ∆(u|Θ) defined in Section 3 is continuous, positive definite and twice differentiable for any u ∈ U. (ii) The bandwidth b in the initial local linear estimation β(·) satisfies
The above assumptions are mild. Assumption 1(i) imposes some commonly-used restrictions on the kernel function. Assumption 1(ii) and the moment conditions in Assumption 2(iii) ensure the applicability of the uniform consistency results for the kernel-based estimation derived in Mack and Silverman (1982) . The bandwidth condition nh 4 → 0 in Assumption 1(ii) indicates that under-smoothing is needed to derive the root-n convergence rates for the parameter estimation.
Assumption 2(i) shows that the longitudinal data are independent across subjects which is not uncommon in the literature (Diggle et al, 2002; Wu and Zhang, 2006) . However, the restriction of identical distribution on U ij and X ij can be relaxed at the cost of more complicated forms for W and V n defined in Section 3. The smoothness conditions on f (·) and β(·) in Assumptions 2(ii) and 3 are needed as the local linear smoothing of the nonparametric functional coefficients is used in the present paper (Fan and Gijbels, 1996) . Assumption 4 is mainly used to prove that the influence of ε ik − ε ik in the estimation of the principal functional coefficients is asymptotically negligible in the proof of Theorem 3.2.
Appendix B: Proofs of the asymptotic theorems
In this appendix, we give the detailed proofs of the asymptotic theorems stated in Sections 3 and 4. To simplify the proofs, we introduce some notation. For l = 0, 1, 2, . . ., we define
We start with a technical lemma on the asymptotic expansion of the local linear estimate γ(u|θ, Θ). This lemma is a generalisation of Lemma 1 in Jiang et al (2013) to the context of longitudinal data.
Lemma B.1. Suppose that Assumptions 1-3 in Appendix A are satisfied. Then for (θ, Θ) in a neighbourhood of (θ 0 , Θ 0 ) we have
uniformly for u ∈ U, where U is the compact support of U ij defined in Assumption 2(ii), and
Proof. By (2.2), we can show that
Meanwhile, as γ(u|θ, Θ) is the local linear estimation of γ 0 (u) for given θ and Θ, which minimises the kernel-weighted loss function L a(u), b(u)|θ, Θ defined in (2.3), following the standard argument of local linear smoothing (Fan and Gijbels, 1996) , we can obtain 
where T
(1)
n (u|Θ) and T
n (u|Θ) are defined as T n (u|θ, Θ) with
Recalling ∆(u|Θ) = E X ij (Θ)X τ ij (Θ)|U ij = u and using Assumptions 1 and 2 as well as the uniform consistency results for nonparametric kernel-based estimation (Mack and Silverman, 1982), we may prove that
when l is even; and
when l is odd. Using (B.5) and (B.6), we can show that
Using Assumptions 1-3 and the uniform consistency results again for nonparametric kernelbased estimation, we have
By (1.3) and Assumption 3, γ 0 (·) has continuous second-order derivatives. Applying the Taylor expansion to the principal coefficient functions in T
n (u|Θ), we obtain, uniformly for u ∈ U,
Using (B.7) and the uniform consistency result for T
n (u|Θ), we can prove that
uniformly for u ∈ U, where T n,ε (u|Θ) is defined above Lemma B.1.
Then, we can complete the proof of (B.1) using (B.4) and (B.7)-(B.10).
We next give another important lemma on the asymptotic representation of the parameter estimators θ and Θ. In the following proofs, we use the consistent estimates of θ 0 and Θ 0 constructed in Section 5.1 as the initial values for the semiparametric estimation procedure proposed in Section 2.
Lemma B.2. Suppose that Assumptions 1-3 in Appendix A are satisfied. Then we have
where V n and W are defined in Section 3.
Proof. Define
To simplify our notation, we let vec(θ,
the Taylor expansion of the loss function Q n ( θ, Θ) defined in (2.5), we have
where θ * , Θ * lies on the line segment between θ, Θ and θ 0 , Θ 0 ,
As the initial values in the semiparametric estimation procedure are the consistent estimation of θ 0 , Θ 0 , θ * , Θ * can be made sufficiently close to θ 0 , Θ 0 . As a consequence, by Lemma B.1, we may show that
is the asymptotic leading term of Q (2) n (θ * , Θ * ). Let
Furthermore, we may prove that Q (2,2) n (θ * , Θ * ) is asymptotically dominated by Q (2,1) n (θ * , Θ * ) when θ * , Θ * is close enough to θ 0 , Θ 0 . Note that
and using Lemma B.1, when θ * , Θ * is close enough to θ 0 , Θ 0 , we may show that
. . .
Hence, we have 1
when θ * , Θ * is close enough to θ 0 , Θ 0 , where W is defined in Section 3. Hence, by (B.13) and the previous arguments, we can prove
By (B.12), (B.14) and the definition of Θ, we have
Hence, to prove (B.11) we only need to consider the term Q
By Lemma B.1 and some elementary calculations, we may show that
where V n is defined in Section 3.
We next consider Q
n (θ 0 , Θ 0 ), which is more complicated than Q
Following the proof of Lemma B.1 above, we have
as nh 4 = o(1) by using Assumption 1(ii). Noting that the dimension of the random vector
, we define the d-dimensional sub-vector:
with γ 00 (·) ≡ 1, such that
By the definition of T nε (U ij |Θ 0 ), we may show that, for k = 0, 1, . . . , d 0 ,
, by some standard calculations, we may show that
Similar to the argument on Q
(1,1) n (Θ 0 ), we define the d-dimensional sub-vector:
Then, we may show that
By the Law of Large Numbers, we have
which indicates that
Similar to the above arguments, we also define the d-dimensional sub-vector
Following the argument in the proof of (B.20), we have
which indicates that Proof of Proposition 3.1. By Lemma B.2 and then applying the classical central limit theorem on V n , we readily prove (3.1). By Lemma B.1 and (3.1), we have
Using the central limit theorem, we may show that
We then complete the proof of (3.2) by using (B.22) and (B.23).
The proof of Proposition 3.1 has thus been completed.
Proof of Theorem 3.2. Define
As in the proof of Lemma B.1, we readily have
As Θ is assumed to be root-n consistent, we may show that
By (2.14) and (B.2), we have 
As θ and Θ are root-n consistent, we can prove that
By some standard calculations, we can also prove that
The proof of (B.29) will be given later in this appendix. Similar to the proof of (B.9), we have where ω (u) is defined in (3.4). By (B.27)-(B.31), we complete the proof of (3.5).
We next give the proof of (B.29), which shows that the influence of replacing ε ik by ε ik can be ignored asymptotically. where S n (·) and T n (·) are defined similar to S n (·|Θ)and T n (u|θ, Θ) with X ij (Θ), Y ij − X τ ij θ and h replaced by X ij , Y ij and b, respectively. Hence,
which indicates that , we may show that
Then, by (B.33) and Assumption 4(ii), we have 
To evaluate the asymptotic order of T n0 (u, 5), we next calculate the order for the variance of Therefore, we complete the proofs of (B.34) and (B.29).
In order to prove Proposition 4.1, we need to use the following two technical lemmas, which are similar to Lemmas B.1 and B.2 above. Define 
